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Abstract 

An induced fractional zero-point angular momentum of charged particles by the 
Bohm-Aharonov (B-A) vector potential is realized via a modified combined trap. It 
explores a "spectator" mechanism in this type of quantum effects: In the limit of 
the kinetic energy approaching one of its eigenvalues the B-A vector potential alone 
cannot induce a fractional zero-point angular momentum at quantum mechanical 
level in the B-A magnetic field-free region; But when there is a "spectator" magnetic 
field the B-A vector potential induces a fractional zero-point angular momentum. The 
"spectator" does not contribute to such a fractional angular momentum, but plays 
essential role in guaranteeing non-trivial dynamics at quantum mechanical level in 
the required limit. This "spectator" mechanism is significant in investigating the 
B-A effects and related topics in both aspects of theory and experiment. 
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As is well known, quantum states of charged particles can be influenced by electro- 
magnetic effects even if those particles are in a region of vanishing field strength [TJ [2]. 
As predicted by Bohm and Aharonov (B-A) [2J, experiments [3] showed that in a mul- 
tiply connected region where field strength is zero everywhere the interference spectrum 
suffered a shift according to the amount of the loop integral of magnetic vector potential 
around an unshrinkable loop. Wu and Yang [1] pointed out that the B-A effects is due 
to the non-trivial topology of the space wehere the magnetic field strength is vanishing. 
The B-A effect is purely quantum mechanical one which explores far-reaching consequences 
of vector potential in quantum theory. This effect has been received much attention for 
years [3 El [7]. Recently investigations in this topic concentrated on revealing new types of 
quantum phases: The Aharonov- Casher effect [8], the He-McKellar-Wilkens phase [9] and 
the Anandan phase |lUj . 

In another aspect a fractional angular momentum originated from the Poynting vector 
produced by crossing the Coulomb field of a charged particle with an external magnetic 
field has been predicted by Peshkin, Talmi and Tassie for years [61 [TT] . There are lots 
of works concerning fractional angular momentum in B-A dynamics and their fractional 
statistics (see the reviews [12HT7] and references therein). Spatial noncommutativity also 
leads to fractional angular momentum [T8| [T9j. 

Recently Kastrup [20J considered the question of how to quantize a classical system 
of the canonically conjugate pair angle and orbital angular momentum. This has been 
a controversial issue since the founding days of quantum mechanics [21]. The problem 
is that the angle is a multivalued or discontinuous variable on the corresponding phase 
space. A crucial point is that the irreducible unitary representations of the euclidean 
group E(2) or of its covering groups allow for orbital angular momentum I = h(n + 5) 
where n = 0, ±1,±2, ••• , and < S < 1. The case 5^0 corresponds to fractional 
zero-point angular momentum. Kastrup investigated the physical possibility of fractional 
orbital angular momentum in connection with the quantum optics of Laguerre-Gaussian 
laser modes in external magnetic fields, and pointed out that if implementable this would 
lead to a wealth of new theoretical, experimental and even technological possibilities. 

In this paper the induced fractional zero-point angular momentum of charged parti- 
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cles by the B-A vector potential is realized via a modified combined trap. It explores a 
"spectator" mechanism in this type of quantum effects: In the limit of the kinetic energy 
approaching one of its eigenvalues the B-A vector potential alone cannot induce a frac- 
tional zero-point angular momentum of charged particles at quantum mechanical level in 
a region of vanishing B-A field strength; But when there is a "spectator" magnetic field 
the B-A vector potential induces a fractional zero-point angular momentum in the same 
region. The "spectator" does not contribute to such a fractional angular momentum, but 
plays essential role in guaranteeing non-trivial dynamics at quantum mechanical level in 
the required limit. This type of quantum effects is so remarkable that in quantum me- 
chanics the vector potential itself has physical significant meaning and becomes effectively 
measurable not only in shifts of interference spectra originated from quantum phases but 
also in physical observables. 

1. Dynamics in a Modified Combined Trap We consider ions constrained 
in a modified combined trap including the B-A type magnetic field. The Paul, Pen- 
ning, and combined traps share the same electrode structure [22]. A combined trap op- 
erates in all of the fields of the Paul and Penning traps being applied simultaneously. 
The trapping mechanism in a Paul trap involves an oscillating axially symmetric elec- 
tric potential U(p, <fi, z,t) = U(p, 0, z)cosQt with U(p,(p,z) = V{z 2 — p 2 /2)/2d 2 where 
p, and z are cylindrical coordinates, V and d are, respectively, characteristic voltage 
and length, and Cl is a large radio-frequency. The dominant effect of the oscillating 
potential is to add an oscillating phase factor to the wave function. Rapidly varying 
terms of time in Schrodinger equation can be replaced by their average values. Thus for 

~ 1/2 

Q ^> f2 = (\^2q\V\/ pd 2 ^) we obtain a time-independent effective electric potential [23] 
V e ff = q 2 VU • VC/ 1 'ApVL 2 = puj 2 p {p 2 + Az 2 )/2 where p and q(> 0) are, respectively, the mass 
and charge of the trapped ion, and up = Q 2 /AQ. A modified combined trap combines the 
above electrostatic potential and two magnetic fields |24J: a homogeneous magnetic field 
B c aligned along the z axis in a normal combined trap and a B-A type magnetic field B 
produced by, for example, an infinitely long solenoid with radius p = (x\ + x 2 ) 1 ^ 2 = a. 
Inside the solenoid (p < a) B 0; i„ = (0, 0, B ) is homogeneous along the z axis, and outside 
the solenoid (p > a) B 0tOUt = 0. The vector potential A c of B c is chosen as (Henceforth 
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the summation convention is used) A c ^ = —B c €ijXj/2, A CjZ = 0, = 1,2). The B-A 
vector potential A is: Inside the solenoid Ao,i = A in ^ = —B Q eijXj/2, A iritZ = 0; Outside 
the solenoid A 0ji = A out ^ = -B a 2 e ij x j /2x k x k , A outjZ = 0, (i,j,k = 1,2). At p = a the 
potential A in passes continuously over into A out . The Hamiltonian of the modified com- 
bined trap is H = (p { - qA Cji /c - qA Qyi /cf /2/x + p 2 z /2fx + puj 2 P (x 2 + Az 2 ) /2. This Hamil- 
tonian can be decomposed into a one-dimensional harmonic Hamiltonian H z (z) along the 
z-axis with the axial frequency u z = 2u>p and a two-dimensional Hamiltonian Hx_{x\,X2), 
H = H z (z) + H±(xi,X2). Inside the solenoid the ion's motion is the same as the one with 
a total magnetic field B c + B 0l j n - 

In the following we consider the motion outside the solenoid. The two-dimensional 
Hamiltonian outside the solenoid is [221 [23] 

H ± (xi, x 2 ) = (pi + \^iw c €ijXj + /ju a 2 k J + ^A^p^i > (!) 

where ui c = qB c / pc and u = qBo/pc are the cyclotron frequencies corresponding to, 
respectively, the magnetic fields B c and B 0i j n . The Hamiltonian H± possess a rotational 
symmetry in (21,22) - plane. The z-component of the orbital angular momentum J z = 
6ijXiPj commutes with H±. They have common eigenstates. 

Dynamics in the Limit of the Kinetic Energy Approaching its Lowest Eigenvalue - In 
this limit the kinetic energy is E k = pXiX-j2 = [K\ + K 2 ) /2/x where 

Ki=pi + -iMjj c €ijXj + fJWoa 2 ^ J , [Ki, Kj] = ihnu c eij (2) 

Here Ki is the mechanical momenta corresponding to the vector potentials A c ^ and A out} i. 
It is worth noting that the B-A vector potential A out)i does not contributes to the commu- 
tator [Ki,Kj]. The canonical momenta pi are quantized, pi = —ihd/dxi. They commute 
each other [pi,Pj] = 0. We define canonical variables Q = K\j pxu c and n = K% which 
satisfy [Q, U] = ihSij. The kinetic energy E k is rewritten as the Hamiltonian of a harmonic 
oscillator E k = H 2 /2p + fiu 2 Q 2 /2. The lowest eigenvalue £ k o of the kinetic energy E k is 
[25] 8*0 = hu c /2. 

In a laser trapping field, using a number of laser beams and exploiting Zeeman tuning, 
the speed of atoms can be slowed to the extent of 1 ms" 1 , see [26]. Ions are the common 



object in cooling and trapping. In order to experimentally realizing the limit of — > Sko 
through laser cooling in a trap ions are used. 

In the limit of the kinetic energy approaching its lowest eigenvalue the Hamiltonian H± 
in Eq. ([1]) has non-trivial dynamics [271 [28| [T9] . The Lagrangian corresponding to H± is 

r • • • 2^ij^i X j 1 2 /o\ 

L = -/ix^i - -[xuJceijXiXj - /ju a ^- ^ J - -fiuj p XiXi. (3) 

In the limit of Ef. — > Sko, the Hamiltonian H± reduces to H = hu c /2 + fiupXiXi/2. The 
Lagrangian corresponds to H is 

L = --iMJ^jXiXj - fiuj a ^ - -^ujpXiXi - -fia> c . (4) 

Constraints - For the reduced system (_Ho ; -^o) the canonical momenta are 

Pi = — = -- IM<fifjXj - mi a— . (5) 

Eq. (jSJ) does not determine velocities Xi as functions of pi and Xj, but gives relations among 
Pi and Xj, that is, such relations are the primary constraints J29J [28j [19] 

<Pi(x,p) =Pi + -fiWf&jXj + fiu) a 2 ^ Xl = 0. (6) 

The physical meaning of Eq. ([6]) is that it expresses the dependence of degrees of freedom 
among pi and Xj. The constraints (jSJ) should be carefully treated [30J. The subject can be 
treated simply by the symplectic method in [3TL [32] . In this paper we work in the Dirac 
formalism. The Poisson brackets of the constraints are 

Cij = {tp h tpj} = nu c 6ij. (7) 

From Eq. (171) . ^ 0, it follows that the conditions of the constraints ifi holding at 

all times do not lead to secondary constraints. 

Cij defined in Eq. ([?[) are elements of the constraint matrix C. Elements of its in- 
verse matrix C -1 are (C -1 )^ = —eij/^oo c . The corresponding Dirac brackets of {ipi,Xj}o, 
{(Pi,Pj}o, {xi,Xj}o, {Pi,Pj}o and {xi,pj}o can be defined. The Dirac brackets of ipi with 
any variables Xi and pj are zero so that the constraints are strong conditions. It can be 
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used to eliminate dependent variables. If we select x% and x 2 as the independent variables, 
from the constraints (jEJ) the variables p\ and p 2 can be represented by, respectively, the 
independent variables X2 and x\ as 

1 2 X 2 1 2 Xi 

Pi = f!LU c X 2 — /i^0 a j P2 = ~^ C X\ + /XWQ a 



2 2x fc x fc 2 2x fc x fc 

The Dirac brackets of X\ and £2 is 

{xx, x 2 } D = — • (9) 

We introduce new canonical variables x — X\ and p = fiu> c x 2 . Their Dirac bracket is 
{x,p}o = 1. According to Dirac's formalism of quantizing constrained systems the corre- 
sponding quantum commutation relation is [x,p] = %h. 

Quantum Behavior of the Reduced System - Now we consider quantum behavior of the 
reduced system (H ,L ). By defining the following effective mass and frequency, //* = 
ULUc/uip, u* = Up/u c , the Hamiltonian H is represented as H = p 2 /2fi* + fi*u* 2 x 2 /2 + 
hoo c /2. We introduce an annihilation operator A = a/ jj,*uj*/2h x + i^l/2h/j,*uj* p and its 
conjugate one A*. The operators A and A' satisfies [^4,^4^] = 1. The eigenvalues of the 
number operator iV = A^A is n = 0, 1, 2, • • ■ . Using A and A\ the reduced Hamiltonian 
H is rewritten as H = %uj* (A^A + 1/2) + Huj c /2. 

Now we consider the angular momentum of the ion. Using Eq. (jSJ) to replace p\ and 
P2 by, respectively, the independent variables x 2 and X\, the orbital angular momentum 
J z = eijXiPj is rewritten as 

q 1 

Jz = ^—$o + ^c{.x\ + x 2 2 ), (10) 

where $o — 7ra 2 B Q is the total flux of the magnetic field B inside the solenoid. Similarly, 
using A and A^ to rewrite J z , we obtain J z = g$ /2vrc + % (A^A + 1/2) . The zero-point 
angular momentum of J z is j7o = h/2 + g$ /2vrc. In the above the term [33] 

Jab = ^-$o (11) 

ZTTC 

is the zero-point angular momentum induced by the AB vector potential. Jab takes 
fractional values. It is related to the region where the magnetic field B 0>OU £ = but the 
corresponding vector potential A out ^ 0. 
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2. Dynamics in the Case of B c = It is worth noting that here B c , like a 
"spectator", does not contribute to Jab- In order to clarify the role played by B c , we 
consider the case of B c = 0. In this case the modified combined trap is as stable as a Paul 
trap. The corresponding kinetic energy reduces to E k = = (Kf + K% \ /2/x where 

K t = Pi + fiu a 2 ^^, [K t ,K J ] = 0. (12) 

In the above K is the mechanical momenta corresponding to the B-A vector potential A outti . 
Unlike the ordinary vector potential, the special feature of the B-A vector potential is that 
it does not contributes to the commutator [Ki, Kj\. Because Ki are commuting, behavior of 
E k is similar to a Hamiltonian of a free particle. Its spectrum is a continuous one. When E k 
approaching some constant S k (y^ 0) the Hamiltonian H±_ reduces to Hq = S k + fiupXiXi/2. 
The Lagrangian corresponding to Hq is 

L = -fjw a -^-^ -fiujpXiXi - £ k . (13) 

From L we obtain the canonical momenta 

9L 2 €ijXj . . 

Pi = -^— = -fiuj a tt^- ( 14 ) 

UX{ ZX^Xfo 

Now we clarify that the case 8 k = should be excluded. The limit of the kinetic energy 
E k = fiXiXi/2 — > corresponds two possibilities: Xj = or jj, — > 0. In the case Xj = 
the Lagrangian L in Eq. ([3]) reduces to L' Q = —{iupXiXi/2. The corresponding canonical 
momenta pi = dL' /dxi = 0. Therefore there is no dynamics. According to the definition 
of the frequency Q the other possibility fi — > is forbidden. 

Eq. (j!4p gives the reduced primary constraints 

= Poi + fJioaa = 0. (15) 

zx k x k 

Here the special feature is that the corresponding Poisson brackets are zero, 

Cij = {<fi, <fj} = 0. (16) 

From Eq. (fTBT) . {<^j, <^j} = 0, it follows that the conditions of the constraints (pi holding at all 
times lead to secondary constraints (pf^ = —{lupXi. The Poisson brackets {^p%- 2 \ <f~j} = 0, 



{(pi®, <fj^} = 0, and {(fi- 2 \ Hq] = 0, so that persistence of the secondary constraints (p\ 

~ (3) 

in course of time does not lead to further secondary constraints (p\ . 

Because of C^- = 0, the inverse matrix C _1 does not exist. The Dirac brackets {</5j, Xj}d, 
{<Pi,Pj}D, {<Pi® l ,Xj} D , {(f>i- 2 \pj}D, {xi,Xj} D , {pi,Pj}D, and {xi,Pj} D cannot be defined. 
According to Dirac's formalism of quantizing constrained systems, there is no way to 
establish dynamics at quantum mechanical level. This means that the B-A vector potential 
alone cannot lead to non-trivial dynamics at quantum mechanical level in the required limit, 
thus does not contribute to the energy spectrum and angular momentum at all. 

It is clear that though the vector potential A c ^ of the "spectator" magnetic field B c 
does not contribute to Jab-, h plays essential role in guaranteeing non-trivial dynamics 
at quantum mechanical level in the limit of the kinetic energy approaching one of its 
eigenvalues. This example reveals that, unlike ordinary vector potential, the physical role 
played by the B-A vector potential is subtle. This needs to be carefully analyzed at 
quantum mechanical level. 

3. Dynamics in the Case of Bo = In order to further clarify the essential 
difference between A Q and A c in the region of B 0iOU t = we consider the case of B = 0. 
In this case the modified combined trap reduces to a combined trap. The Hamiltonian 
H±{xi,x 2 ) in Eq. (PQ) reduces to H±{xi,x 2 ) = {pi + fiuj c €ijXj/2) 2 /2fi + [xupx 2 /2. Its kinetic 
energy is E k = {Kf + ^IV^A* where 



Ki = pi + fiu c eijXj/2, [Ki, Kj] = i%nuj c eij. 



(17) 



In Eq. ( Il7|) is the mechanical momenta corresponding to the vector potentials A c ^. The 
commutation relations between K^s are the same as the ones between K^s in Eq. (j2j). 
The eigenvalues of Ej, is = hu c (n + 1/2), which are just the Landau levels of charged 
particles in an external magnetic field. 



In the following we consider the limit of Ek approaching the lowest eigenvalue S^o — 
hu c /2. The Lagrangian corresponding to H± is 



L — yLX-iXij2 ^XLO c d{jX {X j 1 2 /JjLU pX '[X i I '2 . 




In the limit of Ek — > Sko, the Hamiltonian H± reduces to Hq = Tiuj c /2 + [iujpXiXi/2 which 
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is the same as Hq. The Lagrangian corresponds to Hq is 

I/ = —fxuj c eijXiXj/2 — fiujpXiXi/2 — %u c /2. (19) 

For the reduced system (H , L ) the canonical momenta are pi = dL /dxi = —fiuj c eijXj/2. 
It leads to the following constraints 

0i=Pi + fiUceijXj/2 = 0. (20) 

The Poisson brackets of (pi are the same as ones of the constraints ipi in Eq. (J7J): 

Cij = {(pi, 0i} = IMjJ c 6ij. (21) 

From Eq. (1211) . {<fii, ^ 0, it follows that the conditions of the constraints holding at 
all times do not lead to secondary constraints. 

By the similar procedure of treating the constraints ([6]), we find that the reduced 
system (Hq,Lq) has non-trivial dynamics at quantum mechanical level in the limit of 
Ek — * £fco- The constraints (|2"U|) are strong conditions which can be used to eliminate 
dependent variables. We select x% and x^ as the independent variables. The variables pi 
and p 2 can be represented by, respectively, x 2 and x\ as pi = — /iu; c a; 2 /2, p 2 = fiu c xi/2. The 
Dirac brackets of x\ and x 2 is {xi,x 2 }d = 1/fiuJc- We introduce new canonical variables 
x = X\ and p = fiu c x 2 . Their Dirac bracket is {x,p}d = 1. The corresponding quantum 
commutation relation is [x,p] = ih. Using these results the orbital angular momentum J z = 
be represented by the canonical variables x and p as J z = (p 2 /2fi + /i^x 2 /2) /u c . 
The zero-point angular momentum can be read out from this harmonic-like "Hamiltonian" , 
Jo = h/2. We note that in this case there is no fractional zero-point angular momentum. 

The above results elucidate that A c are essentially different from A : the A c alone can 
lead to non-trivial dynamics at quantum mechanical level in the limit of the kinetic energy 
approaching its lowest eigenvalue. 

4. Gauge Transformation - As is well known, we can perform a gauge transformation 
X so that the resulting vector potential A' out = A out + Vx = 0. A suitable gauge function 
[34] is x = —Boa 2 tan~ 1 (x 2 /xi)/2. In the Schrodinger equation the corresponding gauge 
transformation is Q = exp(iqx/ch). Under this gauge transformation the Hamiltonian 
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H±(xi,X2) in Eq. (pQ) is transformed into H± — > QH±Q 1 = if^ = (pj + fiu c eijXj/2) 2 /2/x + 
fj,ujpX 2 /2. Here if^ is the same 

In the limit of the kinetic energy approaching its lowest eigenvalue the corresponding 
reduced constraints are the same (pi in Eq. (120]) . Under the gauge transformation Q the 
angular momentum J z = eijXiPj is transformed into J z — > (/J^^ 1 = J' z = X\pi — x 2 pi + 
g$o/27rc. Using the constraints <£j in Eq. ( 1201) to represent pi and j?2 by, respectively, the 
independent variables x 2 and x\, the first term in J' z reads — #2Pi = /^ c (^i + a^) /2. 
Thus we obtain 

^ = ^o + ^ c (x? + ^). (22) 

is the same J z in Eq. (|10p . This result shows that the fractional zero-point angular 
momentum induced by the B-A vector potential is a real physical observable which cannot 
be gauged away by a gauge transformation. 

In summary, this paper explores a "spectator" mechanism in B-A effects. It is clari- 
fied that the B-A vector potential alone cannot lead to non-trivial dynamics at quantum 
mechanical level in the limit of the kinetic energy approaching one of its eigenvalues. In 
such a limit the B-A vector potential alone cannot induce a fractional zero-point angular 
momentum. When there is a "spectator" magnetic field the B-A vector potential induces a 
fractional zero-point angular momentum. The induced effect essentially depends upon the 
participation of a "spectator" magnetic field. The "spectator" vector potential does not 
contribute to the fractional angular momentum, but plays essential role in guaranteeing 
non-trivial dynamics at quantum mechanical level in the required limit. The "spectator" 
mechanism is significant in both aspects of theory and experiment. In the theoretical as- 
pect, it is revealed that, unlike ordinary vector potentials, the physical role played by the 
B-A vector potential is subtle. This needs to be carefully analyzed at quantum mechanical 
level. In the experimental aspect, existence of a "spectator" magnetic field is necessary for 
inducing the fractional angular momentum by the B-A vector potential. As an example, 
the modified combined trap provides a realistic way to realize this "spectator" mechanism. 

The author would like to thank M. Peshkin for the helpful discussions and Referee for 
the valuable comments. This work has been supported by the Natural Science Foundation 



10 



of China under the grant number 10575037 and by the Shanghai Education Development 
Foundation. 

References 

[1] W. Ehrenberg, R. Siday, Proc. Phys. Soc. London B 62 (1949) 8. 
[2] Y. Aharonov, D. Bohm, Phys. Rev. 115 (1959) 485. 

[3] R.G. Chambers, Phys. Rev. Lett. 5 (1960) 3; G. Mollenstedt, W. Bayh, Naturwiss. 
48 (1961) 400; W. Bayh, Zeitschr. Phys. 169 (1962) 492; A. Tonomura, N. Osakabe, 
T. Matsuda, T. Kawasaki, J. Endo, S. Yano, H. Yamada, Phys. Rev. Lett. 56 (1986) 
792. 

[4] T.T. Wu, C.N. Yang, Phys. Rev. D12 (1975) 3845. 

[5] S. Olariu, LI. Popescu, Rev. Mod. Phys. 57 (1985) 339. 

[6] For detailed literature see, M. Peshkin, A. Tonomura, The Aharonov - Bohm Effect, 
Lecture Notes in Physics, Vol. 340 ( Springe- Verlag, Berlin, 1989). 

[7] H.J.W. Miiller - Kirsten, Electrodynamics: An Introduction Including Quantum Ef- 
fects (World Scientific, Singapore, 2004). 

[8] Y. Aharonov, A. Casher, Phys. Rev. Lett. 53 (1984) 319. Experimental observations 
of this effect, see A. Cimmino et al., Phys. Rev. Lett. 63 (1989) 380; K. Sangster, 
E.A. Hinds, S.M. Barnett, E. Riis, Phys. Rev. Lett. 71 (1993) 3641. 

[9] This phase was independently predicted by X.-G. He, B.H.J. McKellar, Phys. Rev. 
A47 (1993) 3424; and M. Wilkens, Phys. Rev. Lett. 72 (1994) 5. An experimental 
proposal of testing this effect, see H. Wei, R. Han, X. Wei, Phys. Rev. Lett. 75 (1995) 
2071. 

[10] J. Anandan, Phys. Rev. Lett. 85 (2000) 1354; C. Furtado, C.A. de Lima Ribeiro, 
Phys. Rev. A69 (2004) 064104. 



11 



[11] M. Peshkin, I. Talmi, L.J. Tassie, Ann. Phys. (N.Y.) 12 (1961) 426; L.J. Tassie, M. 
Peshkin, Ann. Phys. (N.Y.) 16 (1961) 177; M. Peshkin, Phys. Rep. 80 (1981) 375; 
H.J. Lipkin, M. Peshkin, Phys. Lett. 118B (1982) 385. 

[12] F. Wilczek, Fractional Statistics and Anyon Superconductivity (World Scientific, Sin- 
gapore, 1990) 

[13] R. Jackiw, in Integrability and Quantization, Proc. 20th GIFT Intern. Seminar, Jaca, 
Spain, June 1989, ed. by M. Asorey, J.F. Carmena and L.A. Ibort, Nucl. Phys. B 
(Proc. Suppl.) 18A (1990) 107. 

[14] S. Forte, Rev. Mod. Phys. 64 (1992) 193. 

[15] A. Lerda, Anyons, Quantum Mechanics of Particles with Fractional Statistics, Lecture 
Notes in Physics, New Series m: Monographs, ml4 (Springer- Verlag, Berlin etc., 1992). 

[16] A. Khare, Fractional Statistics and Quantum Theory (World Scientific, Singapore etc., 
1997). 

[17] R.B. Laughlin, Rev. Mod. Phys. 71 (1999) 863. 
[18] Jian-zu Zhang, Phys. Lett. B584 (2004) 204. 

[19] Jian-zu Zhang, Phys. Rev. Lett. 93 (2004) 043002, Phys. Rev. D74 (2006) 124005. 
[20] H.A. Kastrup, Phys. Rev. A73 (2006) 0510234. 



[21] H.A. Kastrup, Fortschr. Physik 51 (2003) 975; expanded version: quant-ph/0307069 

[22] K. Dholakia et al, Phys. Rev. A47 (1993) 441 and references there in. 

[23] R.J. Cook, D.G. Shankland, A.L. Wells, Phys. Rev. A31 (1985) 564. 

[24] The derivation of a static effective potential V e ff from a rapidly oscillating one in 
Ref. [23] does not include a magnetic field or an associated vector potential. That 
derivation remains valid in the presence of magnetic fields, see Ref. (22] of the combined 
trap. A modified combined trap includs a B-A type magnetic field. The B-A effect 

12 



consists essentially in a shift of the phase of the original wave function. One can 
adjust the radio-frequency Q to compensate the phase shift, therefore for a modified 
combined trap the derivation in Ref. [23] also remains valid. The modification of Q 
leads to the corresponding modification of the effective frequecy up = Q 2 /4Q of V e ff. 
In Eq. ([1]) the ujp means the modified effective frequecy. 

[25] M. Peshkin pointed out that in the simplest case of the flux line and no other fields, 
there can be no wave function whose kinetic energy expectation is zero, hence no zero 
eigenvalue of the kinetic energy, (a private communication). 

[26] F. Shimizu, K. Shimizu, H. Takuma, Opt. Lett. 16 (1991) 339. 

[27] C. Baxter, Phys. Rev. Lett. 74 (1995) 514. 

[28] Jian-zu Zhang, Phys. Rev. Lett. 77 44 (1996) 44. 

[29] H.J.W. Muller - Kirsten, Electronics: INTRODUCTION TO QUANTUM MECHAN- 
ICS Schrodinger Equation and Path Integral (World Scientific, Singapore, 2006). 

[30] The momentum pi of Eq. (jSJ) defined from the Lagrangian Lq of Eq. (j4j) cannot de- 
termine the velocity function of pi and Xj. This shows that Lq is singular. 
The physical meaning of Eq. (j^D is that the corresponding Eq. (JBJ), ipi(x,p) = 0, is a 
primary constraint which expresses the dependence of degrees of freedom among pi 
and Xj. The Hamiltonian equations of such a constrained system are not unique. The 
standard way of deriving them is as follows. 

From the Hamiltonian H = piXi — L , using p^ = dL /dxi and the Lagragian equation 
pi = dL /dxi, it follows that 

5H = XiSpi -PiSxi. 

It indicates that Hq can be expressed as a function of Xi and pi. Thus we obtain 

dH (x,p) = — — dXi + — — dpi. 

oxi Opt 

Because of the constraints ifi(x,p) = of Eq. (J6j), H plus any linear combina- 
tion of ifi is also a Hamiltonian of the system, i. e., the Hq can be replaced by 
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Ho(x,p) + \i(x,p)ipi(x,p). From the above two equations, including the contributions 
of 5 (\i(x,p)ipi(x,p)) , it follows that the Hamiltonian equations read 

dH dip k . dH dip k 

Pi = — ^ Xk ~a~ ' Xi = ~a h Xk ^T~ ■ 

OXi OXi opi opi 

Eq. (J6]) gives dipk/dpi = 8^. From the reduced Hamitonian H obtained from L in 
Eq. P| it follows that dH /dpi = 0. Thus the second equation reduces to 



In this example the Lagrage multipier A, is just the velocity Xj. 

[31] L. Faddeev, R. Jackiw, Phys. Rev. Lett. 60 (1988) 1692. 

[32] G.V. Dunne, R. Jackiw, Nucl. Phys. Proc. Suppl. 33C (1993) 114. 

[33] Ref. (TTJ investigated the angular momentum J originated from the Poynting vector 
produced by crossing the Coulomb field E of a charged particle with an external 
magnetic field B, 



In cases where the magnetic field is only in the z-direction, this angular momentum 



where 4> = J J B z (x i, X2)dx\dx2 is the total magnetic flux. J z is the angular momen- 
tum of the electromagnetic fields. In cases where the magnetic field B z is produced by 
an infinitely long solenoid, this angular momentum exists only inside the solenoid. J z 
should be distinguished from Jab of Eg. ffTT]) . J AB is the angular momentum of the 
charged particle. It is worth noting that Jab is induced by the B-A vector potential 
outside the solenoid and does not exist inside the solenloid. 

[34] This gauge function is singular at X\ =0. The values of the polar angle <fi on both 
sides of X2 = 0, X\ < differ by 2tt. There is a cut along the negative semi-axis of 
Xi, the so called Dirac string. However, there is no need to perform a singular gauge 
transformation. See, for example, Ref. [29] . 




reduces to 



q(f) 



2vrc' 
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